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Abstract
A {1}-structure on a Banach manifold M (with model space E) is an E-valued 1-
form on M that induces on each tangent space an isomorphism onto E. Given a Banach
principal bundle P with connected base space and a {1}-structure on P , we show that
its automorphism group can be turned into a Banach–Lie group acting smoothly on P
provided the Lie algebra of infinitesimal automorphisms consists of complete vector fields.
As a consequence we show that the automorphism group of a connected geodesically com-
plete affine Banach manifold M can be turned into a Banach–Lie group acting smoothly
on M .
Keywords: Banach principal bundle, G-structure, automorphism group, affine Banach
manifold
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1 Introduction
Given a geometric structure on a smooth manifold M , one of the basic associated questions
is if the automorphism group can be turned into a Lie group acting smoothly on M . The
concept of G-structures enables us to treat many interesting geometric structures in a unified
manner. A G-structure on a manifold is a smooth subbundle of the bundle of linear frames
with structure group G, where G is a Lie subgroup of the general linear group of the modelling
space.
The {1}-structures on a manifold M (with model space E) are in natural one-to-one
correspondence with the fields of linear frames over M . Therefore, they can be defined as
E-valued 1-forms on M that induce on each tangent space an isomorphism onto E.
In the case of finite-dimensional manifolds, a basic theorem for {1}-structures states that
the automorphism group of a connected manifold M with {1}-structure can be turned into
a Lie group acting smoothly on M such that every orbit map is an injective immersion with
closed image (cf. [Kob72, Th. I.3.2]).
Applying this theorem to manifolds with affine connections leads to the assertion that
the automorphism group of a connected affine manifold (M,∇) can be turned into a Lie
group acting smoothly on M . In this situation, for each linear frame p ∈ Fr(M), the map
Aut(M,∇)→ Fr(M), f 7→ Fr(f)(p) is an injective immersion with closed image, where Fr(f)
denotes the induced automorphism of the linear frame bundle Fr(M) (cf. [Kob72, Th. II.1.3]).
The background to this result is that the group of affine automorphisms of M is naturally
isomorphic to the group of automorphisms of Fr(M) leaving both the soldering from θ and
the connection form ω invariant. Note that these differential forms provide a {1}-structure
κ := (θ, ω) on the frame bundle.
∗Technische Universita¨t Darmstadt, Schloßgartenstraße 7, D-64289 Darmstadt, Deutschland,
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A closer inspection of the proof shows that it is necessary to study {1}-structures actually
not only on connected manifolds, but, more generally, on principal bundles with connected
base space, since the linear frame bundle over a connected manifold is in general not con-
nected.
The purpose of this paper is to extend these results to smooth Banach manifolds. This
subject has also been studied by Bogdan Popescu.1 As the finite-dimensional results depend
on R. Palais’ Integrability Theorem (cf. [Pal57]), we need a comparable theorem for the
infinite-dimensional case. This is provided by A. Abouqateb and K.-H. Neeb in [AN08]. It
treats the integration of locally exponential Lie algebras of complete vector fields.
Given a Banach principal bundle P with connected base space and a {1}-structure κ on
P , we show that the set Kill(P, κ) of infinitesimal automorphisms is a Banach–Lie algebra
that can be embedded as a closed subspace of the tangent space at each point of P by
the corresponding evaluation map. If it consists of complete vector fields, it should be the
natural Lie algebra of the automorphism group Aut(P, κ). In fact, we show that under this
assumption, Aut(P, κ) can be turned into a Banach–Lie group acting smoothly on P such
that each orbit map is an injective local topological embedding.
When studying the automorphism group of a connected affine Banach manifold (M,∇),
we see that the set Kill(M,∇) of infinitesimal affine automorphisms inherits the structure of
a Banach–Lie algebra by the given one of Kill(Fr(M), κ) with κ := (θ, ω). We show that the
vector fields in Kill(M,∇) and Kill(Fr(M), κ) are complete ifM is assumed to be geodesically
complete. The proof of these statements essentially leans on the finite-dimensional case in
[KN63]. Applying our theorem about the automorphism group of a principal bundle with
{1}-structure, we show that the automorphism group of a connected affine Banach manifold
M that is geodesically complete can be turned into a Banach–Lie group acting smoothly
on M .
The original motivation of this research is to attack a problem concerning symmetric
spaces in the sense of O. Loos (cf. [Loo69]) that are modelled on Banach spaces. We can
show that the automorphism group G of a connected symmetric space M is a Banach–Lie
group acting transitively on M . In particular, M is a Banach homogeneous space. More
precisely, we have M ∼= G/Gb, where the stabilizer Gb for a point b ∈M is an open subgroup
of the group of fixed points in G for the involution σ on G given by σ(g) := µb ◦g◦µb with the
symmetry µb at b (cf. [Nee02, Ex. 3.9] for homogeneous symmetric spaces). As a connected
symmetric space carries a canonical affine connection encoding the symmetric structure in
the sense that it has the same automorphisms, we can apply the results of this paper to show
its homogeneity. For details we refer to [Klo10].
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2 The Automorphism Group of a Banach Principal Bundle
with {1}-structure
2.1 Introduction
Let (P,M,G, q, ρ) be a smooth Banach principal bundle, i.e., q : P →M is a smooth map of
Banach manifolds and ρ : P ×G → P a smooth action of a Banach–Lie group G on P with
the property of local triviality: Each x ∈ M has an open neighborhood U for which there
exists a smooth diffeomorphism ϕ : q−1(U)→ U ×G satisfying
q(ϕ−1(x, g)) = x and ϕ−1(x, g1g2) = ϕ
−1(x, g1).g2
for all x ∈ U and g, g1, g2 ∈ G (cf. [Bou07, 6.2.1]).
We assume M to be pure with model space E and denote the Lie algebra of G by g. A
{1}-structure on P is an (E × g)-valued 1-form κ on P such that κp : TpP → E × g is a
topological linear isomorphism for each p ∈ P .
We denote by Aut(P, κ) the group of principal bundle automorphisms of P that leave κ
invariant, i.e.,
Aut(P, κ) := {f ∈ Diff(P ) : f∗κ = κ and f ◦ ρg = ρg ◦ f for all g ∈ G}.
The set Kill(P, κ) of infinitesimal automorphisms is defined by
Kill(P, κ) := {ξ ∈ V(P ) : Lξκ = 0 and (ρg)∗ξ = ξ for all g ∈ G}.
In the light of Section 2.2, this is the set of all smooth vector fields ξ ∈ V(P ) whose flow
maps Flξt : Dt(ξ)→ D−t(ξ) leave κ invariant and commute with ρg for all g ∈ G.
Our main results are:
Proposition 2.1. Let (P,M,G, q, ρ) be a smooth Banach principal bundle and κ a {1}-
structure on P . The set Kill(P, κ) of infinitesimal automorphisms is a Lie subalgebra of the
Lie algebra V(P ) of smooth vector fields. If M is connected, then it carries a unique Banach
space structure such that each evaluation map evp : Kill(P, κ) → TpP, ξ 7→ ξ(p) is a closed
embedding. With this structure it becomes a Banach–Lie algebra.
Theorem 2.2. Let (P,M,G, q, ρ) be a smooth Banach principal bundle, where the base space
M is connected, and let κ be a {1}-structure on P . If all infinitesimal automorphisms ξ ∈
Kill(P, κ) are complete, then the automorphism group Aut(P, κ) can be turned into a Banach–
Lie group such that
exp: Kill(P, κ)→ Aut(P, κ), ξ 7→ Fl−ξ1
is its exponential map. The natural map σ : Aut(P, κ) × P → P is a smooth action whose
derived action is the inclusion map Kill(P, κ) →֒ V(P ), i.e., −Tσ(idP , p)(ξ, 0) = ξ(p). For
each p ∈ P , the orbit map σp : Aut(P, κ) → P, g 7→ g(p) is an injective local topological
embedding.
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When regarding the trivial bundle P =M ×G with trivial structure group G = {1}, we
obtain the following corollary:
Corollary 2.3. Let M be a connected smooth Banach manifold and κ a {1}-structure on
M . If all infinitesimal automorphisms ξ ∈ Kill(M,κ) are complete, then the automorphism
group Aut(M,κ) can be turned into a Banach–Lie group acting smoothly on M .
One consequence (of the theorem) that we shall show is that the automorphism group of
a geodesically complete affine Banach manifold M can be turned into a Banach–Lie group
that acts smoothly on M .
Remark 2.4. In [Kob72], S. Kobayashi deals with the finite-dimensional case. He shows
that the automorphism group of a connected manifold M with a {1}-structure can be turned
into a Lie group acting smoothly on M such that each orbit map is an injective immersion
with closed image (cf. [Kob72, Th. I.3.2]).
2.2 Basic Concepts
Lemma 2.5 (cf. [AN09, Lem 3.3]). Let M and N be smooth Banach manifolds, U an open
neighborhood of some point x in M and f : U → N a C1-map for which Txf is a closed
embedding. Then there exists an open x-neighborhood U ′ ⊆ U such that f |U ′ is a topological
embedding.
Definition 2.6 (Lie derivative). Let M be a smooth Banach manifold and ξ ∈ V(M) a
smooth vector field on M with local flow Flξ : R ×M ⊇ D(ξ) → M . Further, let ω be a
smooth vector field on M or a Banach space valued differential form on M of any degree.
The Lie derivative Lξω of ω with respect to ξ is the smooth vector field or the differential
form, respectively, given by
(Lξω)(x) =
d
dt
∣∣∣∣
t=0
(
(Flξt )
∗ω
)
(x) = lim
t→0
(
(Flξt )
∗ω
)
(x)− ω(x)
t
For η ∈ V(M), we have Lξη = [ξ, η], i.e., the Lie bracket in V(M), and for a differential
form f of degree 0, i.e., for a smooth function f on M , we have Lξf = ξ.f := df ◦ ξ (cf.
[Lan01, V, §2]). Given a differential form ω of degree n ≥ 1 and η1, . . . , ηn ∈ V(M), we have
Lξ(ω(η1, . . . , ηn)) = (Lξω)(η1, . . . , ηn) +
n∑
i=1
ω(η1, . . . ,Lξηi, . . . , ηn)
(cf. [Lan01, Prop. V.5.1]).
Proposition 2.7 (cf. [AMR88, Prop. 4.2.4]). Let M and N be smooth Banach manifolds,
ξ ∈ V(M) and η ∈ V(N) smooth vector fields and f : U → V a smooth map between open
submanifolds U ⊆M and V ⊆ N . Then the following conditions are equivalent:
(a) ξ|U and η|V are f -related, i.e., Tf ◦ ξ|U = η ◦ f , also denoted by f∗(ξ|U ) = η|V .
(b) f intertwines the flow maps Flξt and Fl
η
t in the sense that
(f ◦ Flξt )(x) = (Fl
η
t ◦f)(x)
for all (t, x) ∈ D(ξ) that satisfy Flξ([0, t], x) ⊆ U or Flξ([t, 0], x) ⊆ U , respectively.
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If we have U =M and V = N , then (b) means
f(Dt(ξ)) ⊆ Dt(η) and f ◦ Fl
ξ
t = Fl
η
t ◦f |Dt(ξ).
Proposition 2.8 (cf. [AMR88, Cor. 5.4.2]). Let M be a smooth Banach manifold and ξ ∈
V(M) a smooth vector field. Further, let ω be a smooth vector field on M or a Banach space
valued differential form on M of any degree. The following conditions are equivalent:
(a) Lξω = 0.
(b) ω is invariant under all flow maps Flξt : Dt(η)→ D−t(η), i.e., (Fl
ξ
t )
∗(ω|D−t(ξ)) = ω|Dt(ξ).
Corollary 2.9. Let M be a smooth Banach manifold and ξ, η ∈ V(M) smooth vector fields.
The following conditions are equivalent:
(a) [ξ, η] = 0.
(b) η is invariant under all flow maps Flξt : Dt(η)→ D−t(η), i.e., (Fl
ξ
t )∗η|Dt(ξ) = η|D−t(ξ).
(c) The flow maps Flηt and Fl
ξ
s commute in the sense that
(Flξs ◦Fl
η
t )(x) = (Fl
η
t ◦Fl
ξ
s)(x)
for all (t, x) ∈ D(η) and s ∈ R that satisfy Flη([0, t], x) ⊆ Ds(ξ) or Fl
η([t, 0], x) ⊆ Ds(ξ),
respectively.
Lemma 2.10. Let ξ : F ×M → TM be a smooth vector field depending on parameters in a
Banach space F such that F → V(M), v 7→ ξv := ξ(v, ·) is linear. Let Fl
ξ : R × F ×M ⊇
D(ξ) → M be its local flow. Then, for each x ∈ M , the derivative of the map Flξ1,x :=
Flξ(1, ·, x) at 0 is given by T0 Fl
ξ
1,x = ξ(·, x) : F → TxM .
Proof: We have
(T0 Fl
ξ
1,x)(v) =
d
dt
∣∣∣∣
t=0
Flξ1,x(0 + tv) =
d
dt
∣∣∣∣
t=0
Flξtv1 (x)
=
d
dt
∣∣∣∣
t=0
Fltξv1 (x) =
d
dt
∣∣∣∣
t=0
Flξvt (x) = ξv(x).
✷
Theorem 2.11 (cf. [AN08]). Let g be a Banach–Lie algebra, M a smooth Banach manifold
and α : g→ V(M) an injective morphism of Lie algebras satisfying
(1) Each vector field α(X) is complete.
(2) The map α̂ : g×M → TM, (X,x) 7→ α(X)(x) is smooth.
(3) The subgroup Γα := {X ∈ z(g) : Fl
α(X)
1 = idM} of the center z(g) of g is discrete.
Then the subgroup G := 〈Fl
α(X)
1 : X ∈ g〉Diff(M) of the diffeomorphism group Diff(M) can be
equipped with a unique Banach–Lie group structure such that
expα : g→ G, X 7→ Fl
−α(X)
1
is its exponential map. The natural map β : G×M →M is a smooth action with β˙ = α.
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Here β˙ : g→ V(M) is the derived action defined by
β˙(X)(x) := −Tβ(idM , x)(X, 0).
Remark 2.12. In [AN08], condition (2) is that the map g ×M → M, (X,x) 7→ Fl
α(X)
1 (x)
is smooth. In the Banach case, this is a conclusion of our condition, as this map is the
time-1-flow of the smooth vector field α̂ that depends on parameters in g (cf. [Lan01, pp. 72,
92, 160]).
2.3 The Banach–Lie Algebra of the Infinitesimal Automorphisms
Let (P,M,G, q, ρ) be a smooth Banach principal bundle where the base space M (modelled
on E) is connected and let κ be a {1}-structure on P . For each v ∈ F := E×g, let ηv ∈ V(P )
be the smooth vector field defined by
ηv(p) := κ
−1
p (v).
It is clear that κ(ηv)(p) ≡ v. We shall often use that, for each p ∈ P , the tangent space TpP
is given by {ηv(p) : v ∈ F}. The following lemma is also valid for non-connected M .
Lemma 2.13. We have
Kill(P, κ) = {ξ ∈ V(P ) : [ξ, ηv ] = 0 and (ρg)∗ξ = ξ for all v ∈ F and g ∈ G}.
It follows that Kill(P, κ) is a Lie subalgebra of the Lie algebra V(P ).
Proof: For any ξ ∈ V(P ), we have Lξκ = 0 if and only if (Lξκ)(ηv) = 0 for all v ∈ F . Due
to (Lξκ)(ηv) = ξ.(κ(ηv)) − κ([ξ, ηv ]) = 0 − κ([ξ, ηv ]), this is equivalent to [ξ, ηv ] = 0 for all
v ∈ F , the map κp being injective for all p ∈ P . We thus obtain the first assertion. An
easy computation using the Jacobi identity and the naturality of the Lie bracket shows that
Kill(P, κ) is a Lie subalgebra of V(P ). ✷
Let η : F ×P → TP be the smooth vector field depending on parameters that is given by
η(v, p) := ηv(p) = κ
−1
p (v)
and let Flη : R × F × P ⊇ D(η) → P be its local flow. The map F → V(P ), v 7→ ηv being
linear, Lemma 2.10 says that, for each p ∈ P , the derivative of the map Flη1,p := Fl
η(1, ·, p)
at 0 is given by T0 Fl
η
1,p = η(·, p) = κ
−1
p , i.e., by a topological linear isomorphism. Hence, the
map Flη1,p induces a local diffeomorphism at 0 ∈ F .
Therefore, for each p ∈ P , there is a diffeomorphism
ϕp : Vp → Up ⊆ P with ϕp(v) = Fl
ηv
1 (p) and T0ϕp = κ
−1
p (1)
of an open neighborhood Vp of 0 ∈ F onto an open neighborhood Up of p ∈ P .
We define the set
S :=
{
s := sn ◦ · · · ◦ s1 : n ∈ N and s1, . . . , sn ∈ {Fl
ηv
t : t ∈ R, v ∈ F} ∪ {ρg : g ∈ G}
}
, (2)
where each sn ◦ · · · ◦ s1 means the composition with maximal domain. It is stable under
composition and inversion of maps.
Lemma 2.14. Given ξ ∈ V(P ), we have ξ ∈ Kill(P, κ) if and only if for each s : U → V in
S, we have s∗(ξ|U ) = ξ|V , i.e., ξ(s(p)) = Ts(ξ(p)) for all p ∈ U .
6
Proof: By Lemma 2.13 and Corollary 2.9, we have ξ ∈ Kill(P, κ) if and only if (ρg)∗ξ = ξ
and (Flηvt )∗(ξ|Dt(ηv)) = ξD−t(ηv) for all g ∈ G, t ∈ R and v ∈ F . As the set S consists of
compositions of such maps, the assertion follows. ✷
Lemma 2.15. Given any p1, p2 ∈ P , there is a map s ∈ S with s(p1) = p2.
Proof: For a fixed p1 ∈ P , we put A := {p ∈ P : (∃s ∈ S)(s(p1) = p)}. We shall show that A
is all of P . It is clear that A is ρ-invariant and not empty. As the base space M is connected,
it suffices to show that A and its complement Ac both are open in P .
For any p ∈ A (with s(p1) = p), the neighborhood Up (cf. (1)) is contained in A, since for
each ϕp(v) ∈ Up, we have ϕp(v) = (Fl
ηv
1 ◦s)(p1). Hence, A is open. To see that A
c is open,
let p be any point in Ac. We shall show that Up ⊆ A
c. If any ϕp(v) ∈ Up was in A, i.e.,
s(p1) = ϕp(v) for some s ∈ S, then p was in A, too, due to p = (Fl
η−v
1 ◦s)(p1). ✷
For each p ∈ P , let Hp be the subgroup of GL(TpP ) defined by
Hp := {Tps : s ∈ S and s(p) = p}.
Proposition 2.16. For each p ∈ P , the evaluation map evp : Kill(P, κ)→ TpP, ξ 7→ ξ(p) is
an injective linear map. Its image im(evp) is given by the fixed point set (TpP )
Hp under the
group Hp ≤ GL(TpP ). For each p1, p2 ∈ P , the map evp2 ◦(evp1)
−1 : (Tp1P )
Hp1 → (Tp2P )
Hp2
is a topological linear isomorphism of Banach spaces. It is given by restricting Tp1s for any
s ∈ S satisfying s(p1) = p2.
Proof: To see the injectivity of evp, we shall show that for each ξ ∈ Kill(P, κ) and p
′ ∈ P ,
the vector ξ(p′) depends only on ξ(p). Indeed, by Lemma 2.15 and Lemma 2.14, there is a
map s ∈ S with s(p) = p′ and ξ(p′) = Ts(ξ(p)).
The inclusion im(evp) ⊆ (TpM)
Hp is clear by Lemma 2.14. Conversely, for each w ∈
(TpP )
Hp , let ξw ∈ V(P ) be the smooth vector field defined by
ξw(s(p)) := Ts(w) for all s ∈ S where s(p) is defined. (3)
Due to Lemma 2.15, ξw is defined on all of P . It is well-defined, as
s1(p) = s2(p) ⇒ ((s2)
−1 ◦ s1)(p) = p ⇒ T ((s2)
−1 ◦ s1)(w) = w ⇒ Ts1(w) = Ts2(w)
for all s1, s2 ∈ S. Before checking its smoothness, we observe that
ξw(s(p
′)) = Ts(ξw(p
′)) for all s ∈ S and p′ ∈ P where s(p′) is defined, (4)
since
ξw(s(p
′)) = ξw((s ◦ r)(p)) = (Ts ◦ Tr)(w) = Ts
(
ξw(r(p))
)
= Ts(ξw(p
′))
for an appropriate r ∈ S with r(p) = p′.
To see its smoothness, we work locally on Up′ (cf. (1)) for all p
′ ∈ P . We have
ξw(ϕp′(v)) = ξw(Fl
ηv
1 (p
′)) = T Flηv1 (ξw(p
′)) = (T(v,p′) Fl
η
1)(0, ξw(p
′)) (5)
for all v ∈ Vp′ . Hence, ξw|Up′ is smooth. By (4) and Lemma 2.14, we thus know that
ξw ∈ Kill(P, κ). Because of ξw(p) = w, we then obtain (TpP )
Hp ⊆ im(evp).
Given any s ∈ S with s(p1) = p2, we have
(evp2 ◦(evp1)
−1)(w) = evs(p1)(ξw)
(3)
= Ts(w)
for all w ∈ (TpP )
Hp . In particular, evp2 ◦(evp1)
−1 is a topological linear isomorphism. ✷
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Corollary 2.17. The Lie subalgebra Kill(P, κ) of the Lie algebra V(P ) carries a unique
Banach space structure such that each evaluation map evp : Kill(P, κ)→ TpP, ξ 7→ ξ(p) is a
closed embedding. With this structure it becomes a Banach–Lie algebra.
Proof: It remains to check the compatibility of the Banach space structure and the Lie
bracket of Kill(P, κ). To see that
Kill(P, κ) ×Kill(P, κ)→ Kill(P, κ), (ξw1 , ξw2) 7→ [ξw1 , ξw2 ]
is continuous, we consider one embedding evp and have to check the continuity of
(TpP )
Hp × TpP
Hp → TpP
Hp , (w1, w2)→ [ξw1 , ξw2 ](p).
We shall work in the chart ϕ−1p (cf. (1)). For this, we restrict the flow map Fl
η
1 : F × P ⊇
D1(η) → P to a set V˜p × U˜p with open neighborhoods V˜p of 0 ∈ F and U˜p of p ∈ P such
that Flη1(V˜p × U˜p) ⊆ Up and ϕ˜
−1
p : U˜p → V˜p ⊆ F is a restriction of the chart ϕ
−1
p . This works,
because Flη1(0, p) = p. The flow map Fl
η
1 then has a local representation (Fl
η
1)
ϕ˜p : V˜p×V˜p → Vp.
Due to (5), the local representations ξ
ϕ˜p
w of ξw are given by
ξ
ϕ˜p
w (v) = d2(Fl
η
1)
ϕ˜p(v, 0)(κp(w))
with derivatives
dξ
ϕ˜p
w (v)(u) = d1d2(Fl
η
1)
ϕ˜p(v, 0)(u)(κp(w)).
We shall verify the continuity of
κp
(
(TpP )
Hp
)
× κp
(
(TpP )
Hp
)
→ κp
(
(TpP )
Hp
)
, (w¯1, w¯2)→ [ξ
ϕ˜p
w1 , ξ
ϕ˜p
w2 ](0),
with wi := κ
−1
p (w¯i), for i = 1, 2. We have
[ξ
ϕ˜p
w1 , ξ
ϕ˜p
w2 ](0) = dξ
ϕ˜p
w2(0)(ξ
ϕ˜p
w1(0)) − dξ
ϕ˜p
w1(0)(ξ
ϕ˜p
w2(0))
= d1d2(Fl
η
1)
ϕ˜p(0, 0)(w¯1)(w¯2)− d1d2(Fl
η
1)
ϕ˜p(0, 0)
(
w¯2)(w¯1),
which depends smoothly on (w¯1, w¯2). ✷
2.4 Proof of the Main Theorem
We consider the situation of Section 2.3 and use the same notation.
Lemma 2.18. We have
Aut(P, κ) = {f ∈ Diff(P ) : f∗ηv = ηv and f ◦ ρg = ρg ◦ f for all v ∈ F and g ∈ G}.
Proof: Given f ∈ Diff(P ), we have f∗κ = κ if and only if (f∗κ)p(ηv(p)) = κp(ηv(p)) for all
p ∈ P and v ∈ F , i.e., κf(p)(Tf(ηv(p))) = v. This is equivalent to Tf(ηv(p)) = κ
−1
f(p)(v), i.e.,
Tf(ηv(p)) = ηv(f(p)). This means f∗ηv = ηv for all v ∈ F . The assertion follows from the
definition of Aut(P, κ). ✷
Lemma 2.19. Given f ∈ Diff(P ), we have f ∈ Aut(P, κ) if and only if for each s : U → V
in S (cf. (2)), we have f(U) ⊆ U and f ◦ s = s ◦ f |U .
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Proof: By Lemma 2.18 and Proposition 2.7, we have f ∈ Aut(P, κ) if and only if f ◦ ρg =
ρg ◦ f , f(Dt(ηv)) ⊆ Dt(ηv) and f ◦ Fl
ηv
t = Fl
ηv
t ◦f |Dt(ηv) for all g ∈ G, t ∈ R and v ∈ F .
As the set S consists of compositions of such maps, the assertion follows. Notice that, given
s1 : U1 → V1 and s2 : U2 → V2 satisfying the condition, the domain s
−1
1 (U2) of the composition
s2 ◦ s1|s−11 (U2)
satisfies f(s−11 (U2)) ⊆ s
−1
1 (U2), since
s1
(
f(s−11 (U2))
)
= f
(
s1(s
−1
1 (U2))
)
⊆ f(U2) ⊆ U2.
✷
Lemma 2.20. If all infinitesimal automorphisms in Kill(P, κ) are complete, then the inclu-
sion map Kill(P, κ) →֒ V(P ) satisfies the conditions of Theorem 2.11:
(1) Each vector field ξ ∈ Kill(P, κ) ⊆ V(P ) is complete (by assumption).
(2) The evaluation map ev : Kill(P, κ)× P → TP, (ξ, p) 7→ ξ(p) is smooth.
(3) The subgroup Γ := {ξ ∈ z(Kill(P, κ)) : Flξ1 = idP } of the center z(Kill(P, κ)) of Kill(P, κ)
is discrete.
Proof: (2) Considering an embedding evp : Kill(P, κ) →֒ TpP , we have to check the smooth-
ness of
(TpP )
Hp × P → TP, (w, p′)→ ξw(p
′),
where ξw := ev
−1
p (w) (cf. Proposition 2.16). We work locally on (TpP )
Hp×Up′ (cf. (1)) for all
p′ ∈ P . By Lemma 2.15, there is an s ∈ S with s(p) = p′. From (5) and (3) (in Section 2.3),
we know that
ξw(ϕp′(v)) = (T(v,p′) Fl
η
1)
(
0, ξw(s(x))
)
= (T(v,p′) Fl
η
1)(0, T s(w)),
which depends smoothly on (w, v).
(3) It suffices to show that there is a 0-neighborhood U ⊆ Kill(P, κ) with Flξ1 6= idP for all
ξ ∈ U\{0}. Fixing some p ∈ P and considering the map ψp : Kill(P, κ)→M, ξ 7→ Fl
ξ
1(p), we
shall show that ψp is injective on an appropriate 0-neighborhood U , so that Fl
ξ
1(p) 6= idP (p)
and hence Flξ1 6= idP for all ξ ∈ U\{0}. Due to (2), we can apply Lemma 2.10 and obtain
(T0ψp) = evp : Kill(P, κ) → TpP , which is a closed embedding. From Lemma 2.5, we then
know that, for an appropriate 0-neighborhood U , ψp|U is a topological embedding and hence
injective. ✷
As a consequence of Theorem 2.11, we obtain:
Corollary 2.21. If all infinitesimal automorphisms in Kill(P, κ) are complete, then the sub-
group H := 〈Flξ1 : ξ ∈ Kill(P, κ)〉Diff(P ) of the diffeomorphism group Diff(P ) can be equipped
with a unique Banach–Lie group structure such that
exp: Kill(P, κ)→ H, ξ 7→ Fl−ξ1
is its exponential map. The natural map β : H × P → P is then a smooth action whose
derived action is the inclusion map Kill(P, κ) →֒ V(P ), i.e., −Tβ(idM , p)(ξ, 0) = ξ(p).
Proposition 2.22. If all infinitesimal automorphisms in Kill(P, κ) are complete, then the
group H := 〈Flξ1 : ξ ∈ Kill(P, κ)〉Diff(P ) is a normal subgroup of Aut(P, κ). There is then a
unique Banach–Lie group structure on Aut(P, κ) that makes H an open Lie subgroup. The
natural map σ : Aut(P, κ)× P → P is a smooth action whose derived action is the inclusion
map Kill(P, κ) →֒ V(P ).
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Proof: The group H is a subgroup of Aut(P, κ) by definition. We shall show that it is
normal. Given any g ∈ Aut(P, κ), we have to check that gHg−1 ⊆ H. The set of all h ∈ H
satisfying ghg−1 ⊆ H is a subgroup of H. Therefore, it suffices to verify g Flξ1 g
−1 ⊆ H for
all ξ ∈ Kill(P, κ). By Proposition 2.7, we have g Flξt g
−1 = Flg∗ξt for all t ∈ R. As then the
flow maps Flg∗ξt are in Aut(P, κ), the vector field g∗ξ is in Kill(P, κ), so that g Fl
ξ
1 g
−1 ∈ H.
To show the existence of a Lie group structure, we have to check that for each g ∈
Aut(P, κ), the restriction cg|H of the conjugation map cg is a smooth automorphism of H (cf.
[Nee06, Cor. II.2.3]). As it is a homomorphism, it suffices to verify the smoothness in a neigh-
borhood of idP . For this, we work in exponential charts. By the preceding considerations, we
have cg|H◦exp = exp ◦g∗, so that we shall show that the linear map g∗ : Kill(P, κ)→ Kill(P, κ)
is continuous. Using an embedding evp : Kill(P, κ) →֒ TpP , this follows from the continuity
of (Tpg)|(TpP )Hp : (TpP )
Hp → (TpP )
Hp .
The remaining statement follows from σ|H×P = β and σ|gH×P = g ◦ β ◦ (λg−1 |gH × idP )
for all g ∈ Aut(P, κ), where λg−1 denotes the left multiplication with g
−1 in Aut(P, κ). ✷
Proposition 2.23. Assuming all infinitesimal automorphisms in Kill(P, κ) to be complete,
we turn Aut(P, κ) into a Banach–Lie group. Then for each p ∈ P , the orbit map
σp : Aut(P, κ)→ P, g 7→ g(p) is an injective local topological embedding.
Proof: We shall show the injectivity of σp. Given any g1, g2 ∈ Aut(P, κ) with g1(p) = g2(p),
the automorphism g := g−12 g1 satisfies g(p) = p. We have to check that g = idP and shall do
this by showing that the fixed point set Fix(g) is all of P . Given any p′ ∈ P , there is a map
s ∈ S with s(p) = p′ (cf. Lemma 2.15). By Lemma 2.19, we have g(s(p)) = s(g(p)) = s(p),
so that p′ ∈ Fix(g), hence, Fix(g) = P follows.
To see that σp is locally a topological embedding, it suffices to check this around idP ∈
Aut(P, κ), as σp = g ◦ σp ◦ λg−1 for all g ∈ Aut(P, κ). In view of Lemma 2.5, it suffices to
check that TidP σp is a closed embedding. Indeed, −TidP σp = evp : Kill(P, κ) → TpP is a
closed embedding (cf. Corollary 2.17). ✷
3 The Automorphism Group of an Affine Banach Manifold
Given a connected affine Banach manifold M that is geodesically complete, we show that its
automorphism group can be turned into a Banach–Lie group acting smoothly on M .
In this section, we first collect a number of definitions and properties concerning affine
connections on Banach manifolds. Given a connected affine manifold (M,∇), the soldering
form and the connection form equip the frame bundle Fr(M) with a {1}-structure κ. A diffeo-
morphism f of M is affine if and only if its induced automorphism Fr(f) of the frame bundle
leaves κ invariant. We observe that the automorphism groups Aut(M,∇) and Aut(Fr(M), κ)
as well as the Lie algebras Kill(M,∇) and Kill(Fr(M), κ) of infinitesimal automorphisms are
naturally isomorphic, respectively. Assuming (M,∇) to be geodesically complete, we show
that these Lie algebras consist of complete vector fields. Therefore we can apply the results
of the preceding section.
3.1 Affine Connections on the Tangent Bundle
Let M be a smooth Banach manifold, π : TM →M be the natural projection of its tangent
bundle and πTM : TTM → TM be the natural projection of the tangent bundle of TM . Also
the map Tπ : TTM → TM makes TTM a vector bundle over TM (cf. [Lan01, p. 104]). The
composition π ◦ πTM turns TTM into a fiber bundle over M .
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An affine connection on TM is a morphism B : TM ⊕ TM → TTM of fiber bundles
over M such that (πTM , Tπ) ◦ B = idTM⊕TM and such that B is bilinear, i.e., for each
x ∈ M , Bx : TxM ⊕ TxM → TTM is bilinear. Note that Bx(v, ·) : TxM → Tv(TM) and
Bx(·, w) : TxM → (Tπ)
−1(w) are indeed maps between Banach spaces. The pair (M,B) is
called an affine Banach manifold.
In a chart ϕ : U → V ⊆ E, an affine connection B can be written as
TTϕ ◦B ◦ (Tϕ⊕ Tϕ)−1 : TV ⊕ TV = V × E × E → TTV = V × E × E × E
(x, v, w) 7→ (x, v, w,Bϕx (v,w))
with a smooth map Bϕ : V → L2(E,E) from V into the space of continuous bilinear maps
E × E → E, which we call a local representation of B. Considering two charts ϕ1 and ϕ2,
the change of variable formula for the transition map h := ϕ2 ◦ ϕ
−1
1 is given by
Bϕ2
h(x)(dh(x)(v), dh(x)(w)) = d
2h(x)(v,w) + dh(x)(Bϕ1x (v,w)).
An affine connection can also be given by a covariant derivative ∇, i.e., by a collection
(∇U )U⊆M open of R-bilinear maps
∇U : V(U)× V(U)→ V(U), (ξ, η) 7→ (∇U )ξη
satisfying the conditions
(1) (∇U )fξη = f(∇
U )ξη (C
∞(U)-linearity in the first variable)
(2) (∇U )ξ(fη) = (ξ.f)η + f(∇
U)ξη (derivation property)
for all ξ, η ∈ V(U) and smooth functions f ∈ C∞(U) such that the maps ∇U are compatible
in the sense that
((∇U1)ξη)|U2 = (∇
U2)ξ|U2η|U2
for all ξ, η ∈ V(U1), U2 ⊆ U1 ⊆M . In the following, we shall often suppress the index set U
by writing
∇ξη := (∇
U )ξη
for all ξ, η ∈ V(U).
There is a one-to-one correspondence between affine connections and covariant derivatives.
It is determined by the local formula
(∇ξη)
ϕ(x) = dηϕ(x)(ξϕ(x))−Bϕx (η
ϕ(x), ξϕ(x)),
where (∇ξη)
ϕ, ηϕ and ξϕ denote the local representations of the vector fields. As far as the
vector field ξ is concerned, (∇ξη)(x) only depends on ξ(x). Therefore, it make sense to define
∇vη for vectors v.
Given an affine connection, there is a unique vector bundle morphism K : TTM → TM
(over π) between the vector bundles πTM : TTM → TM and π : TM →M , such that
∇ξη = K ◦ Tη ◦ ξ
for all vector fields ξ, η ∈ V(U) with an open submanifold U of M . It is called the connector.
In a chart ϕ : U → V ⊆ E, it can be written as
Tϕ ◦K ◦ (TTϕ)−1 : TTV = V × E × E × E → TV = V × E
(x, v, w, z) 7→ (x, z −Bϕx (v,w)).
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Note that for each v ∈ TxM (with x ∈M), a vector z ∈ Tv(TM) can be given by Tπ(z) and
K(z) and it is called vertical if Tπ(z) = 0x and horizontal if K(z) = 0x.
Given a smooth curve α : J → M , let γ : J → TM be a lift of α to TM , i.e., a curve on
TM satisfying π ◦γ = α. The derivative of γ along α is the unique lift ∇α′γ of α to TM that
in a chart ϕ : U → V ⊆ E has the expression
(∇α′γ)
ϕ(t) = (γϕ)′(t)−Bϕ
αϕ(t)(γ
ϕ(t), (αϕ)′(t)).
We also use the notation ∇α′(t)γ. A lift γ of α is said to be α-parallel if ∇α′γ = 0. Note that
this means that all tangent vectors γ′(t) are horizontal.
An affine connection induces parallel transport along smooth curves. For a curve
α : J →M and t0, t1 ∈ J , we denote it by
P t1t0 (α) : Tα(t0)M → Tα(t1)M.
It is a topological linear isomorphism and is defined by the property that for each v ∈ Tα(t0)M ,
the map
γv := P
(·)
t0
(α)(v) : J → TM
is the unique curve in TM that is α-parallel and satisfies γv(t0) = v. In any chart
ϕ : U → V ⊆ E, it then satisfies the linear differential equation
(γϕv )
′(t) = Bϕ
αϕ(t)(γ
ϕ
v (t), (α
ϕ)′(t))
and it is uniquely determined by satisfying these equations for a collection of charts covering
the curve α and by satisfying the initial condition γv(t0) = v.
A geodesic is a curve α in M whose derivative α′ is α-parallel, i.e., ∇α′α
′ = 0. For each
v ∈ TxM, x ∈ M , for which the unique maximal geodesic αv : J → TM with α
′
v(0) = v
satisfies 1 ∈ J , we define
exp(v) := expx(v) := αv(1).
We denote the open domains of exp and expx by Dexp ⊆ TM and Dexpx ⊆ TxM , respectively,
and get smooth maps exp: Dexp →M and expx := exp |TxM∩Dexp : Dexpx →M . Each geodesic
α : J → TM with α′(0) = v satisfies α(t) = exp(tv). A manifold with an affine connection is
called geodesically complete if the domain of each maximal geodesic is all of R.
Let V ⊆ Dexpx be an open neighborhood of 0 in TxM =: E that is star-shaped with
respect to 0 (i.e., [0, 1]V ⊆ V ) such that expx induces a diffeomorphism of V onto its open
image W . Then W is said to be a normal neighborhood of x. We call the chart
ϕ := (exp |WV )
−1 : W → V ⊆ E a normal chart at x. Normal neighborhoods do exist, as
expx : Dexpx → M induces a local diffeomorphism at 0 ∈ TxM , since T0 expx = idTxM (cf.
[Lan01, Th. IV.4.1]).
Further details can be found in [Lan01, IV, VIII and X], but basically for the case of
torsionfree connections. Cf. also [KN63], [Kli82] and [Ber08] for more material on connections.
3.2 The Frame Bundle of an Affine Banach Manifold
Let M be a smooth Banach manifold (with model space E). The set
Fr(M) :=
⋃
x∈M
Iso(E,TxM)
12
(of topological linear isomorphisms) equipped with the projection q : Fr(M) → M,
Iso(E,TxM) ∋ p 7→ x carries the structure of a smooth GL(E)-principal bundle with re-
spect to the action
ρ : Fr(M)×GL(E)→ Fr(M), (p, g) 7→ p.g := p ◦ g.
More precisely, for each chart ϕ : U → V ⊆ E of M , the map
Fr(ϕ) : Fr(U) → V ×GL(E) ⊆ E × gl(E)
Iso(E,TxU) ∋ p 7→ (ϕ(x), dϕ(x) ◦ p).
is a bundle chart of Fr(M), and we have
q(Fr(ϕ)−1(ϕ(x), g)) = x and Fr(ϕ)−1(ϕ(x), g1g2) = Fr(ϕ)
−1(ϕ(x), g1).g2
for all x ∈ U and g, g1, g2 ∈ GL(E). The bundle Fr(M) is called the frame bundle over M .
For further details, see [Bou07, 7.10.1].
The soldering form θ on Fr(M) is the E-valued 1-form on Fr(M) defined by
θp : Tp Fr(M)→ E, v 7→ p
−1(Tq(v)).
With respect to a chart ϕ : U → V ⊂ E of M (and the corresponding bundle chart Fr(ϕ)),
its local representation θϕ : V ×GL(E) → L(E × gl(E), E) is given by θϕ(x,g)(v,w) = g
−1(v)
with (x, g) ∈ V ×GL(E) and (v,w) ∈ E × gl(E).
Given an affine connection on TM , the connection form ω on Fr(M) is the gl(E)-valued
1-form on Fr(M) defined by
ωp : Tp Fr(M)→ gl(E), ωp(v)(e) = p
−1
(
K(T ê(v))
)
,
where for each e ∈ E, the map ê : Fr(M) → TM is the bundle morphism over M given by
ê(p) = p(e). With respect to a chart ϕ : U → V ⊂ E of M , the map T ê can be written as
TTϕ ◦ T ê ◦ T Fr(ϕ)−1 : V ×GL(E)× E × gl(E) → V × E ×E × E
(x, g, v, w) 7→ (x, g(e), v, w(e))
and the local representation ωϕ : V ×GL(E)→ L(E × gl(E), gl(E)) of ω is given by
ωϕ(x,g)(v,w)(e) = g
−1(w(e) −Bϕx (g(e), v))
with (x, g) ∈ V ×GL(E), (v,w) ∈ E × gl(E) and e ∈ E.
For each p ∈ Fr(M), a vector v ∈ Tp Fr(M) can be given by θp(v) and ωp(v) and it is
called vertical if θp(v) = 0 and horizontal if ωp(v) = 0. More precisely, the (E × gl(E))-
valued 1-form κ := (θ, ω) is a {1}-structure on Fr(M). For each e ∈ E, the tangent map
T ê : T Fr(M) → TTM maps vertical vectors in Tp Fr(M) to vertical ones in Tp(e)TM , and
horizontal vectors to horizontal ones.
For each λ ∈ E, we define the standard horizontal vector field Hλ on Fr(M) by the
requirement that θ(Hλ)(p) ≡ λ and ω(Hλ)(p) ≡ 0, i.e., Hλ(p) := κ
−1
p (λ, 0). For a chart
ϕ : U → V ⊆ E of M , its local representation Hϕλ : V ×GL(E)→ E × gl(E) is given by
Hϕλ (x, g) =
(
g(λ), e 7→ Bϕx (g(e), g(λ))
)
.
By working in charts, we observe that Hg−1(λ) ◦ ρg = Tρg ◦Hλ for all ρg : Fr(M) → Fr(M)
with g ∈ GL(E), i.e., Hλ and Hg−1(λ) are ρg-related.
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Proposition 3.1. Given λ ∈ E and g ∈ GL(E), we have:
(1) Every (maximal) integral curve of Hλ is mapped under ρg to a (maximal) integral curve
of Hg−1(λ).
(2) Every (maximal) integral curve γ of Hλ is mapped under q : Fr(M)→M to a (maximal)
geodesic in M , and we have (q ◦ γ)′(t) = γ(t)(λ).
(3) For each (maximal) geodesic in M , there is a (maximal) integral curve of Hλ that is
mapped to it under q : Fr(M)→M .
Given p ∈ Fr(M) with q(p) = x, we have:
(4) For each (maximal) geodesic α in M with initial condition α(0) = x, there is a λ ∈ E
such that Hλ possesses an (maximal) integral curve γ with initial condition γ(0) = p
that is mapped to α by q.
Proof: (1) is obvious by the fact that Hλ and Hg−1(λ) are ρg-related.
(2) Given a curve γ : J → Fr(M), we represent it with respect to a given chart
ϕ : U → V ⊆ E of M by the form (αϕ, γϕ) : α−1(U) → E × GL(E) with α := q ◦ γ. If
γ is an integral curve of Hλ, then we have in a chart
(αϕ)′(t) = γϕ(t)(λ) and (γϕ)′(t)(e) = Bϕ
αϕ(t)(γ
ϕ(t)(e), γϕ(t)(λ)).
Therefore, we obtain (αϕ)′′(t) = (γϕ)′(t)(λ) = Bϕ
αϕ(t)((α
ϕ)′(t), (αϕ)′(t)), so that α is a
geodesic with α′(t) = γ(t)(λ).
Assume now that γ is maximal. Let β : I →M be the maximal geodesic with J ⊆ I and
β|J = α. To see that J = I, we assume (for contradiction) that there is a boundary point t1
of J in I. With respect to a chart ϕ : U → V ⊆ E around β(t1), we have
(βϕ)′(t) = γϕ(t)(λ) and (γϕ)′(t) = Bϕ
βϕ(t)(·, (β
ϕ)′(t)) ◦ γϕ(t)
on α−1(U). We shall extend γϕ around t1 such that (β
ϕ, γϕ) still satisfies these differential
equations, contradicting the maximality of γ. As the second equation is a linear differential
equation for γϕ, we can extend γϕ around t1. To see that this extension also satisfies the first
equation, we observe
(γϕ)′(t)(λ) = Bϕ
βϕ(t)(γ
ϕ(t)(λ), (βϕ)′(t))
and remember that this differential equation is also satisfied by (βϕ)′, the curve β being a
geodesic. Hence, we have (βϕ)′(t) = γϕ(t)(λ) by uniqueness.
(3) Given a geodesic β : I → M , choose a frame p0 ∈ Fr(M) such that p0(λ) = β
′(t0)
for some t0 ∈ I. Let γ : J → Fr(M) be the maximal integral curve of Hλ with initial
condition γ(t0) = p0. We know from (2) that the curve α := q ◦ γ is a maximal geodesic with
α′(t0) = γ(t0)(λ) = p0(λ) = β
′(t0), so that I ⊆ J and α|I = β.
(4) Choose some λ0 ∈ E. By (3), we have a (maximal) integral curve γ0 of Hλ0 that is
mapped to α under q. Let g ∈ GL(E) such that γ0(0).g = p. Then the assertion follows by
(1) when considering γ := ρg ◦ γ0 and λ := g
−1(λ0). ✷
Corollary 3.2. Given λ ∈ E, the affine manifold (M,∇) is geodesically complete if and only
if the vector field Hλ is complete.
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3.3 Affine Maps
Given two affine manifolds (M1, B1) and (M2, B2), a map f : M1 → M2 is called affine,
if TTf ◦ B1 = B2 ◦ (Tf ⊕ Tf). Working with charts ϕ1 : U1 → V1 ⊆ E1 of M1 and
ϕ2 : U2 → V2 ⊆ E2 of M2 such that f(U1) = U2, this can be written as
d2fϕ(x)(v,w) + dfϕ(x)((Bϕ11 )x(v,w)) = (B
ϕ2
2 )fϕ(x)(df
ϕ(x)(v), dfϕ(x)(w)) (6)
for all x in the domain of the local representation fϕ : V1 → V2 of f and v,w ∈ E1. The fol-
lowing lemma is an easy result when taking a closer look at the corresponding local formulas.
Lemma 3.3. Given a smooth map f : M1 →M2, the following are equivalent:
(a) f is affine.
(b) The connectors K1 and K2 are Tf -related in the sense that Tf ◦K1 = K2 ◦ TTf .
(c) TTf maps horizontal vectors to horizontal ones, i.e., K1(v) = 0 implies
K2(TTf(v)) = 0 for all v ∈ TTM .
(Note that vertical vectors are mapped to vertical ones regardless of whether f is affine.)
Affine maps are compatible with parallel transport along curves, i.e., Tα(t1)f ◦ P
t1
t0
(α) =
P t1t0 (f ◦ α) ◦ Tα(t0)f for all curves α : J → M1 with t0, t1 ∈ J . Geodesics are mapped to
geodesics. Further, we have Tf(Dexp,1) ⊆ Dexp,2 and f ◦ exp = exp ◦Tf . A consequence is
that, given an affine map, its values on connected components are uniquely determined by
the tangent map at a single point, i.e., given affine maps f, g : M1 →M2 with Txf = Txg for
some x ∈M1, we have f = g if M1 is connected (cf. proof of [Nee02, Lem. 3.5]).
Affine maps are compatible with covariant derivatives of related vector fields, i.e.,
Tf(∇vη1) = ∇Tf(v)η2 for all v ∈ TM1 and η1 ∈ V(M1), η2 ∈ V(M2) with Tf ◦ η1 = η2 ◦ f .
We now assume M1 and M2 to be modelled on the same Banach space E. A diffeomor-
phism f : M1 → M2 induces a principal bundle isomorphism Fr(f) : Fr(M1) → Fr(M2) over
f defined by Fr(f)(p) = Txf ◦ p where p ∈ Iso(E,TxM1). It relates the soldering forms θ1
and θ2, i.e., Fr(f)
∗θ2 = θ1.
Conversely, every fiber-preserving diffeomorphism F : Fr(M1)→ Fr(M2) with F
∗θ2 = θ1
is induced by a unique diffeomorphism f : M1 → M2. Indeed, being fiber-preserving, F
induces a diffeomorphism f between M1 and M2 and, by means of F
∗θ2 = θ1, we can
deduce2 Fr(f) = F .
Lemma 3.4. Given a diffeomorphism f : M1 → M2 between affine manifolds, the following
are equivalent:
(a) f is affine.
(b) The connection forms ω1 and ω2 are Fr(f)-related, i.e., Fr(f)
∗ω2 = ω1.
(c) T Fr(f) maps horizontal vectors to horizontal ones, i.e.,
(ω1)p(v) = 0 ⇒ (ω2)Fr(f)(p)(Tp Fr(f)(v)) = 0
for all p ∈ Fr(M1) and v ∈ Tp Fr(M1).
2From (θ1)p(v) = (θ2)F (p)(TF (v)) for all p ∈ Fr(M1) and v ∈ Tp Fr(M1), we obtain p
−1(Tq(v)) =
(Tf−1 ◦ F (p))−1(Tq(v)), which leads to Tf ◦ p = F (p), i.e., Fr(f)(p) = F (p).
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(Note that vertical vectors are mapped to vertical ones regardless of whether f is affine.)
Proof: We first note that Tf ◦ ê1 = ê2 ◦ Fr(f) for all e ∈ E.
(a)⇒(b): As Tf relates the connectors K1 and K2, we have
(ω2)Fr(f)(p)(Tp Fr(f)(v))(e) = (Fr(f)(p))
−1
(
K2(T ê
2(Tp Fr(f)(v)))
)
= (Txf ◦ p)
−1
(
Txf(K1(T ê
1(v)))
)
= p−1
(
K1(T ê
1(v))
)
= (ω1)p(v)(e)
for all p ∈ Iso(E,TxM1) ⊆ Fr(M1), v ∈ Tp Fr(M1) and e ∈ E.
(b)⇒(c) is obvious.
(c)⇒(a): Working with charts, we shall show (6). We choose some g ∈ GL(E) and
e ∈ E such that v = g(e). We put z := (Bϕ11 )x(·, w) ◦ g ∈ gl(E) and observe that then
(ωϕ11 )(x,g)(w, z) = 0. By assumption (c), we then know that
(ωϕ22 )(fϕ(x),dfϕ(x)◦g)(df
ϕ(x)(w), d2fϕ(x)(·, w) ◦ g + dfϕ(x) ◦ z) = 0,
i.e.,
d2fϕ(x)(·, w) ◦ g + dfϕ(x) ◦ z = (Bϕ22 )fϕ(x)(·, df
ϕ(x)(w)) ◦ (dfϕ(x) ◦ g).
Applying both sides of this equation to e, we get (6). ✷
Proposition 3.5. Given an affine manifold (M,∇), the map Aut(M,∇)→ Aut(Fr(M), κ),
f 7→ Fr(f) with κ = (θ, ω) is an isomorphism of groups.
Proof: The map is correctly defined, as for each f ∈ Aut(M,∇), the induced map Fr(f)
is a principal bundle automorphism that preserves θ and ω. It is bijective, since each F ∈
Aut(Fr(M), κ) is induced by a unique diffeomorphism f of M , which is affine by Lemma 3.4.
The map is a group homomorphism, as
Fr(f ◦ g)(p) = T (f ◦ g) ◦ p = Tf ◦ Fr(g)(p) = Fr(f)(Fr(g)(p)) = (Fr(f) ◦ Fr(g))(p)
for all f, g ∈ Aut(M,∇). ✷
3.4 Infinitesimal Affine Automorphisms
Let M be a smooth Banach manifold (with model space E) and q : Fr(M)→M the natural
projection of the frame bundle.
Given ξ ∈ V(M), the natural lift of ξ is defined as the vector field ξ ∈ V(Fr(M)) given by
ξ(p) := d
dt
∣∣
t=0
Fr(Flξt )(p). The results of this section can essentially be found in [KN63, VI.2]
for the finite-dimensional case.
Lemma 3.6. Given ξ ∈ V(M), we have:
(1) ξ and ξ are q-related, i.e., Tq ◦ ξ = ξ ◦ q.
(2) Given a chart ϕ : U → V ⊆ E ofM , the local representation ξ
ϕ
: V ×GL(E)→ E×gl(E)
of ξ is given by
ξ
ϕ
(x, g) = (ξϕ(x), dξϕ(x) ◦ g).
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(3) The domain of the local flow Flξ of ξ is given by
D(ξ) = {(t, p) ∈ R× Fr(M) : (t, q(p)) ∈ D(ξ)}.
Each flow map Flξt is the principal bundle isomorphism between the frame bundles
Fr(Dt(ξ)) and Fr(D−t(ξ)) induced by the flow map Fl
ξ
t . We thus have
Flξt (p) = Fr(Fl
ξ
t )(p) and Fl
ξ
t (q(p)) = q(Fl
ξ
t (p))
for all (t, p) ∈ D(ξ). The second equation says that q maps the maximal integral curve
of ξ with initial value p to the maximal integral curve of ξ with initial value q(p).
(4) ξ is invariant under all ρg : Fr(M)→ Fr(M) with g ∈ GL(E), i.e., (ρg)∗ξ = ξ.
(5) Lξθ = 0.
Proof: (1) For all p ∈ Fr(M), we have
(Tq ◦ ξ)(p) = Tq( d
dt
∣∣
t=0
Fr(Flξt )(p)) =
d
dt
∣∣
t=0
q(Fr(Flξt )(p))
= d
dt
∣∣
t=0
Flξt (q(p)) = ξ(q(p)).
(2) Given any (x, g) ∈ V ×GL(E), let ϕ1 : U1 → V1 ⊆ E be a restriction of ϕ and ε > 0
such that x ∈ V1, W := ]− ε, ε[×U1 ⊆ D(ξ) and Fl
ξ(W ) ⊆ U . We deduce from the definition
of the natural lift that the local representation ξ
ϕ
of ξ is given by
ξ
ϕ
(x, g) = ( d
dt
∣∣
t=0
(Flξt )
ϕ1(x), d
dt
∣∣
t=0
d(Flξt )
ϕ1(x) ◦ g),
where
(Flξt )
ϕ1 := (Flξt )
ϕ1,ϕ : V1 → V
denotes the local representation of Flξt . As
d
dt
∣∣
t=0
(Flξt )
ϕ1(x) = ξϕ(x), it remains to verify
that
d
dt
∣∣∣∣
t=0
d(Flξt )
ϕ1(x) ◦ g = dξϕ(x) ◦ g.
Writing d(Flξt )
ϕ1(x) = d2(Fl
ξ |W )
ϕ1(t, x), where
(Flξ |W )
ϕ1 := (Flξ |W )
(id]−ε,ε[×ϕ1),ϕ : ]− ε, ε[×V1 → V
denotes the local representation of Flξ |W , we can use Schwarz’s theorem, which carries over
to Banach spaces (cf. [Lan93, Th. XIII.7.3]), i.e., partial derivatives commute. Hence, the
equation easily follows.
(3) For each p ∈ Fr(M), the maximal integral curve Flξp := Fl
ξ(·, p) : Jp → Fr(M) is
mapped by q to an integral curve of ξ with initial value q(p), as
(q ◦ Flξp)
′(t) = Tq((Flξp)
′(t)) = Tq
(
ξ(Flξp(t))
)
= ξ
(
q(Flξp(t))
)
.
Hence, q ◦ Flξp is a restriction of the maximal integral curve Fl
ξ
q(p) : Jq(p) → M . To see that
q ◦Flξp = Fl
ξ
q(p), i.e., Jp = Jq(p), we shall show that Jq(p) ∋ t 7→ Fr(Fl
ξ
t )(p) is an integral curve
of ξ. Indeed, we have
d
dt
∣∣∣∣
t=t0
Fr(Flξt )(p) =
d
dt
∣∣∣∣
t=0
Fr(Flξt0+t)(p) =
d
dt
∣∣∣∣
t=0
Fr(Flξt )(Fr(Fl
ξ
t0
)(p))
= ξ(Fr(Flξt0)(p)).
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From the preceding considerations, the assertions immediately follow.
(4) By Proposition 2.7, it suffices to check ρg(Dt(ξ)) ⊆ Dt(ξ) and ρg ◦ Fl
ξ
t = Fl
ξ
t ◦ρg|Dt(ξ).
This is evident, since we have Dt(ξ) = q
−1(Dt(ξ)) = Fr(Dt(ξ)) and since, being a principal
bundle isomorphism, Flξt = Fr(Fl
ξ
t ) : Fr(Dt(ξ))→ Fr(D−t(ξ)) intertwines the natural GL(E)-
actions on Fr(Dt(ξ)) and Fr(D−t(ξ)), which are restrictions of the action ρ on Fr(M).
(5) By Proposition 2.8, it suffices to check that θ is invariant under all flow maps Flξt , i.e.,
(Flξt )
∗(θ|D−t(ξ)) = θ|Dt(ξ). This is evident, since Fl
ξ
t = Fr(Fl
ξ
t ) relates the soldering forms on
Fr(Dt(ξ)) and Fr(D−t(ξ)), which are restrictions of the soldering form θ on Fr(M). ✷
Lemma 3.7. Each vector field X ∈ V(Fr(M)) that satisfies (ρg)∗X = X for all g ∈ GL(E)
and LXθ = 0 is the natural lift of a unique vector field ξ ∈ V(M), i.e., X = ξ. The vector
field ξ is uniquely determined by the property that X and ξ are q-related.
Proof: The proof is not more difficult than in the finite-dimensional case (cf. [KN63, p. 229]).
Due to (ρg)∗X = X, the map Tq ◦X factorizes over q, since
Tq ◦X ◦ ρg = Tq ◦ Tρg ◦X = T (q ◦ ρg) ◦X = Tq ◦X
for all g ∈ GL(E). Hence, there exists a vector field ξ ∈ V(M) with ξ ◦ q = Tq ◦ X. By
Proposition 2.7, we have q(Dt(X)) ⊆ Dt(ξ) and q ◦Fl
X
t = Fl
ξ
t ◦q|Dt(X). To see that each flow
map FlXt is equal to Fr(Fl
ξ
t ), we have to check that θ is invariant under Fl
X
t (cf. Section 3.3),
but this is satisfied, due to Proposition 2.8. From FlXt = Fr(Fl
ξ
t ) = Fl
ξ
t for all t ∈ R, we
immediately obtain X = ξ. The uniqueness is clear by Lemma 3.6(1), as q is surjective. ✷
From now on, let (M,∇) (= (M,B)) be an affine manifold.
Definition 3.8. A vector field ξ ∈ V(M) is called an infinitesimal affine automorphism if each
flow map Flξt is an affine isomorphism. We denote the set of all infinitesimal automorphisms
by Kill(M,∇) or Kill(M,B).
Lemma 3.9. Given a vector field ξ ∈ V(M), the following are equivalent:
(a) ξ is an infinitesimal affine automorphism.
(b) Lξω = 0.
(c) ξ ∈ Kill(Fr(M), κ), where κ = (θ, ω).
(d) [ξ,Hλ] = 0 in the Lie algebra V(Fr(M)) for all λ ∈ E.
Proof: Cf. [KN63, p. 230] for the finite-dimensional case.
(a)⇒(b): Every flow map Flξt is an affine isomorphism, so that the connection form ω is
invariant by all induced maps Fr(Flξt ) = Fl
ξ
t (cf. Lemma 3.4 and Lemma 3.6). When applying
Proposition 2.8, we get (b).
(b)⇒(c): Together with Lξθ = 0 (cf. Lemma 3.6), we obtain Lξκ = 0 for the {1}-structure
κ = (θ, ω). Further, we have (ρg)∗ξ = ξ for all g ∈ GL(E), so that ξ ∈ Kill(Fr(M), κ) (cf.
Section 2.1).
(c)⇒(d): With respect to the notion of Section 2.3, we have Hλ = η(λ,0). Hence, (d)
follows by Lemma 2.13.
(d)⇒(a): By Lemma 3.4(c), it suffices to check that for each flow map Flξt , the map
T Fr(Flξt ) = T Fl
ξ
t maps horizontal vectors to horizontal ones. Given any p ∈ Fr(M) and
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v ∈ Tp Fr(M) with ωp(v) = 0, we put λ := θp(v). By the definition of Hλ, we then have
v = Hλ(p). By Corollary 2.9, Hλ is invariant under all flow maps Fl
ξ
t , so that
ω
Flξt (p)
(T Flξt (v)) = ωFlξt (p)
(T Flξt (Hλ(p))) = ωFlξt (p)
(Hλ(Fl
ξ
t (p))) = 0,
as ω(Hλ) is identically 0. ✷
Remark 3.10. We can express Condition (d) in a chart ϕ : U → V ⊆ E of M by using the
local representations ξ
ϕ
and Hϕλ . A simple computation shows that
dHϕλ (x, g)(ξ
ϕ
(x, g)) = dξ
ϕ
(x, g)(Hϕλ (x, g)) for all (x, g) ∈ V × gl(E) and λ ∈ E
is equivalent to
d2ξϕ(x)(v,w) + dξϕ(x)(Bϕx (v,w))
= dBϕ(x)(ξϕ(x))(v,w) +Bϕx (dξ
ϕ(x)(v), w) +Bϕx (v, dξ
ϕ(x)(w))
for all x ∈ V and v,w ∈ E.
Proposition 3.11. The set Kill(M,∇) is a Lie subalgebra of V(M) and the map
Kill(M,∇)→ Kill(Fr(M), κ) ⊆ V(Fr(M)), ξ 7→ ξ
is an isomorphism of Lie algebras. Hence, if M is connected, Kill(M,∇) inherits the struc-
ture of a Banach–Lie algebra via this isomorphism (cf. Proposition 2.1). Its Banach space
structure is then uniquely determined by the requirement that for each p ∈ Fr(M), the map
Kill(M,∇)→ Tp(Fr(M)), ξ 7→ ξ(p) =
d
dt
∣∣∣∣
t=0
Fr(Flξt )(p)
is a closed embedding.
Proof: Note that the map is correctly defined by Lemma 3.9 and that Kill(Fr(M), κ) is a
Lie algebra by Lemma 2.13. The map is bijective by Lemma 3.7. It suffices to show that
Kill(Fr(M), κ)→ V(M), ξ 7→ ξ is a homomorphism of Lie algebras.
Let ξ1 and ξ2 be in Kill(Fr(M), κ) and λ ∈ R. As q∗ξi = ξi for i = 1, 2, i.e., ξi and ξi are
q-related, we also have q∗(λξ1+ ξ2) = λξ1+ ξ2 and q∗[ξ1, ξ2] = [ξ1, ξ2] by the naturality of the
Lie bracket. From Lemma 3.7, we then know that λξ1 + ξ2 = λξ1 + ξ2 and [ξ1, ξ2] = [ξ1, ξ2].
✷
Corollary 3.12. If M is connected, then, for each x ∈M , the map
Kill(M,∇)→ TxM × gl(TxM), ξ 7→
(
ξ(x), v 7→ ∇vξ
)
is a closed embedding of Banach spaces.
Proof: We choose some frame p ∈ Iso(E,TxM) ⊆ Fr(M). It suffices to construct an iso-
morphism Φ: Tp(Fr(M)) → TxM × gl(TxM) satisfying Φ(ξ(p)) = (ξ(x),∇·ξ) for all ξ ∈
Kill(M,∇). Let ϕ : U → V ⊆ E be a chart at x and put (x¯, g) := Fr(ϕ)(p) =
(ϕ(x), dϕ(x) ◦ p) ∈ V ×GL(E). We define
Φ := (dϕ(x) × dϕ(x)∗)
−1 ◦Ψ ◦ dFr(ϕ)(p)
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with the isomorphisms
Ψ: E × gl(E)→ E × gl(E), (v,w) 7→
(
v, w ◦ g−1 −Bϕx¯ (v, ·)
)
and dϕ(x)∗ : gl(TxM) → gl(E) given by dϕ(x)∗(w) := dϕ(x) ◦ w ◦ dϕ(x)
−1. Given ξ ∈
Kill(M,∇), we have
dFr(ϕ)(p)(ξ(p)) = ξ
ϕ
(x¯, g) = (ξϕ(x¯), dξϕ(x¯) ◦ g)
(cf. Lemma 3.6), which is mapped by Ψ to
(
ξϕ(x¯), dξϕ(x¯)−Bϕx¯ (ξ
ϕ(x¯), ·)
)
. Hence, Φ(ξ(p)) =
(ξ(x),∇·ξ). ✷
Lemma 3.13. Let ξ be a smooth vector field on a smooth Banach manifold N with local flow
Flξ : D(ξ)→ N . If there is an ε > 0 such that [−ε, ε]×N ⊆ D(ξ), then we have D(ξ) = R×N ,
i.e., ξ is complete.
Proof: Given an ε > 0 such that [−ε, ε]×N ⊆ D(ξ), we assume the opposite D(ξ) 6= R×N
and show that this will lead to a contradiction. In doing so, there is a greatest natural number
n satisfying [−nε, nε]×N ⊆ D(ξ). Consequently, for each flow line Flξx : Jx → N with x ∈ N ,
we have [−nε, nε] ⊆ Jx, but at least [−ε, ε] ⊆ Jx. For each x ∈ N , we have JFlξ(ε,x) = Jx− ε,
so that
Jx = JFlξ(ε,x) + ε ⊇ [−nε, nε] + ε ⊇ [0, (n + 1)ε].
Similarly, we have Jx ⊇ [−(n+ 1)ε, 0], hence Jx ⊇ [−(n+ 1)ε, (n + 1)ε]. This contradicts the
maximality of n. ✷
Theorem 3.14. If (M,∇) is geodesically complete, then all vector fields in Kill(M,∇) and
in Kill(Fr(M), κ) are complete.
Proof: The proof is not more demanding than in the finite-dimensional case (cf. [KN63,
p. 234]). By Lemma 3.6(3) and Proposition 3.11, it suffices to prove the completeness of
the vector fields in Kill(M,∇). Without loss of generality, we assume M to be connected,
as the matter of local flows and geodesics takes place in connected components. Given an
infinitesimal automorphism ξ ∈ Kill(M,∇), it suffices to check [−ε, ε] ×M ⊆ D(ξ) for an
ε > 0 by Lemma 3.13.
We consider some point x0 ∈ M and let ε > 0 be such that [−ε, ε] × {x0} ⊆ D(ξ). It
suffices to show that the set A of all x ∈ M with [−ε, ε] × {x} ⊆ D(ξ) is all of M . As M is
connected and A is not empty, it suffices to check that A and its complement Ac both are
open.
To see that A is open, let x be any point in A. Due to Lemma 3.6(3), we then have
[−ε, ε] × Iso(E,TxM) ⊆ D(ξ). We consider a normal neighborhood W of x and shall show
that it lies in A and that therefore A is open. Given any y ∈ W , we have to check that
[−ε, ε] × {y} ⊆ D(ξ). By Lemma 3.6(3), it suffices to check [−ε, ε] × {r} ⊆ D(ξ) for some
frame r ∈ Fr(M) at y = q(r). The set W being a normal neighborhood of x, there is
a geodesic in W that joins x with y. Hence it follows by Proposition 3.1 that there is a
standard horizontal vector field Hλ with λ ∈ E and an integral curve γ of Hλ that joins some
frame p := γ(0) at x with some frame r := γ(1) at y. By Lemma 3.9, we have [ξ,Hλ] = 0,
so that we can apply Corollary 2.9. As Hλ is complete (cf. Corollary 3.2) and as we have
r = FlHλ1 (p) and [−ε, ε]× {p} ⊆ D(ξ), we obtain [−ε, ε]× {r} ⊆ D(ξ).
To see that Ac is open, let x be any point in Ac. We consider a normal neighborhood W
of x and shall show that W ⊆ Ac. For each y ∈ W , there is a geodesic joining y and x. If y
was in A then x would be in A, too, by the above argument. That is why y is in Ac, hence
W ⊆ Ac. ✷
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3.5 The Automorphism Group of a Geodesically Complete Affine Manifold
Theorem 3.15. Let (M,∇) be a connected affine Banach manifold that is geodesically com-
plete. The automorphism group Aut(M,∇) can be turned into a Banach–Lie group such
that
exp: Kill(M,∇)→ Aut(M,∇), ξ 7→ Fl−ξ1
is its exponential map. The natural map σ : Aut(M,∇)×M →M is a smooth action whose
derived action is the inclusion map Kill(M,∇) →֒ V(M), i.e., −Tσ(idM , x)(ξ, 0) = ξ(x). For
each p ∈ Fr(M), the map Aut(M,∇)→ Fr(M), f 7→ Fr(f)(p) is an injective local topological
embedding.
Proof: The assertions follow by Theorem 2.2, Proposition 3.5 and Proposition 3.11. Indeed,
the exponential map of Aut(Fr(M), κ) maps ξ ∈ Kill(Fr(M), κ) to Fl−ξ1 = Fr(Fl
−ξ
1 ), so that
Kill(M,∇) ∋ ξ 7→ Fl−ξ1 is an exponential map of Aut(M,∇).
The natural smooth action σ : Aut(Fr(M), κ) × Fr(M) → Fr(M) induces the smooth
action σ : Aut(M,∇) ×M → M , since f(q(p)) = q(Fr(f)(p)) for all f ∈ Aut(M,∇) and
p ∈ Fr(M). Given p ∈ Fr(M), for the orbit maps σp : Aut(Fr(M), κ) → Fr(M) and
σq(p) : Aut(M,∇)→M , we have σq(p)(f) = q(σp(Fr(f)) and thus
−TidMσq(p)(ξ) = −Tq(TidFr(M)σp(ξ)) = −Tq(−ξ(p)) = ξ(q(p)).
As the map Aut(M,∇)→ Aut(Fr(M), κ), f → Fr(f) is an isomorphism of Lie groups by
construction, the map Aut(M,∇) → Fr(M), f 7→ Fr(f)(p) is an injective local topological
embedding by Theorem 2.2. ✷
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